A new method of estimating high-order virial coefficients for fluids composed of equal three-dimensional rigid spheres is proposed. The predicted B 11 and B 12 values are in good agreement with reliable estimates previously reported. A new application of the Levin's transformations is developed, as well as a new way of using Levin's transformations is suggested. For the virial series of packing factor powers, this method estimates the B 13 value near 173.
Introduction
The virial series is extremely important for obtaining accurate state equations, because it expands the compressibility factor of a fluid through a power series of an adequate variable. Using the packing factor, η,
where Z is the compressibility factor and B i is the virial coefficient of order i . In the late nineteenth century, van der Waals [1] , Boltzmann [2] , and van Laar [3] , analytically calculated the virial coefficients B 2 , B 3 , and B 4 , of a gas formed by equal three-dimensional spherical rigid particles. So far, there are no analytical expressions to calculate the coefficients after B 4 , even considering such simple particles.
to obtain the required accuracy. In this context, the sequence transformations play an essential role, since they accelerate the convergence of the series without the need to compute higher-order terms [13] . In 1973, David Levin [14] introduced new sequence transformations, which improved the convergence of slowly convergent series. Moreover, this method is particularly suitable for the summation of strongly divergent series. According to Smith and Ford [15] , who compared the performance of several linear and nonlinear series transformations, the Levin-type ones are probably the most powerful and versatile convergence accelerators ever known. Baram and Luban [16] were the first to demonstrate the applicability of the Levin's transformations to the virial expansions of hard discs and rigid spheres through estimates for B 7 [17] . In recent years, many applications of Levin-type transformations have been reported in the literature, though the focus has been mainly in the field of quantum physics (see, for example, [18] [19] [20] [21] [22] [23] ).
In this work, the Levin's transformations are used to estimate the B 11 , B 12 , and B 13 , virial coefficients for gases composed of 3D equal rigid spheres, assuming the known values of the coefficients up to B 10 .
That is, a completely new methodology for estimating virial coefficients is proposed, and an unused way of using Levin's transformations is suggested. This work is organized into four more sections. In section 2, the Levin's transformations are briefly described, highlighting their mathematical structure. In section 3, the methodology used to estimate the virial coefficients is presented. In section 4, the obtained estimates are indicated and compared to those reported in the literature. Finally, in section 5 the results are commented.
Levin's transformations
In this section, the mathematical background of the Levin's acceleration method is summarized. However, for a more detailed mathematical description of the method, references [24] and [25] are suggested. The Levin's sequence transformations are applicable to the model sequence
where k represents the order of the transformation, γ is an arbitrary parameter which may not be a negative integer, ω r is the remainder estimate and s is the limit of the sequence when it converges, or the antilimit if it diverges. The convergence or divergence of the sequence depends on the behavior of ω r , for r → ∞.
In equation (2.1) there are k +1 unknown quantities, that is, the limit or antilimit s and the k linear coefficients c 1 , . . . , c k . Thus, k +1 sequence elements s r , . . . , s r +k , and the corresponding remainder estimates w r , . . . , w r +k , are required for determining s. Evidently, imposing some kind of remainder estimate, as the three ones considered by Levin, most of the sequences do not follow this model sequence. However, in many cases for which n N , where N ∈ N, the sequence can be considered of kth order, namely 
(2.5)
According to [24] , the Levin's transformation should work very well for a given sequence {s r } if the sequence {ω r } of the remainder estimates is chosen in such a way that ω r is proportional to the dominant term of an asymptotic expansion of the remainder
However, ω r is not determined by this asymptotic condition, so that it is possible to find a variety of sequences {ω r } of the remainder estimates for a given sequence {s r }. Thus, the practical problem that arises is how to find the sequence of the remainder estimates.
Based on purely heuristic arguments, Levin suggested three kinds of the remainder estimates, ω r , for sequences of partial sums
In the case of alternating partial sums, s r , Levin suggested ω r = a r , r ∈ N.
(2.8)
Substituting this relationship in equation (2.5), the Levin's t transformation is obtained,
In the case of a sequence of partial sums, s r , satisfying a logarithmic convergence, i.e.,
which being substituted into equation (2.5) produces the Levin's u transformation
Finally, Levin also suggested
.
(2.14)
Other Levin-type transformations are reported in the literature (see [25] ), but only those originally proposed by Levin are listed above, and are used in this work.
Methodology
A Levin's transformation can be applied to a well-defined sequence to obtain a new sequence that presents a better convergence than the original one. Still, in this work, the sequence is not completely defined, and the supposition that some Levin's transformation can change the values of lower-order terms to the values of higher-order terms of the same sequence is tested for the virial series. Indeed, the virial series defined by equation (1.1) 
i.e., the nth element of the sequence {s kn } ∞ n=N is equal to the (n + k)th element of the sequence {s r }
As already mentioned, the values of coefficients are precisely known up to B 10 . But, for equations (2.9) and (2.12), suppose that the first unknown term is a n+k = B n+k η n+k−1 for all 2 n + k 10.
Then, using (3.3) in equations (2.9) or (2.12), a n+k = B n+k η n+k−1 can be found for all n+k in 2 n+k 10.
Analogously, for equation (2.14) , suppose that the first unknown term is a n+k+1 = B n+k+1 η n+k for all 2 n + k 9.
(3.5)
Using the equation (3.3) in (2.14), a n+k+1 = B n+k+1 η n+k can be found for all n + k in 2 n + k 9. In any case, for a given value of η, the corresponding virial coefficient can be calculated and compared with the values reported in the literature (table 1) . It is worthwhile noting that the choice of the values of coefficients reported on table 1 has been made arbitrarily. Indeed, more recent references could be used, such as [26] . In general, the estimation of a virial coefficient can be obtained from several representations of the same Levin's transformation, as shown in table 2. The representations whose virial coefficients values do not deviate more than 1% from the corresponding values in table 1 are used to estimate higher-order coefficients. The representations do not provide good estimates for the coefficients of the order less than B 5 , while for higher orders, acceptable values are found. This behavior stems from the lack in information supplied to the representations by the virial series truncated on the terms of the order smaller than the fourth, so that a minimum number of the known terms of the series is required.
The methodology is based on determining simple functions η = f (i ) (i is the index of B i ) by using the optimal η values which correspond to the best estimates of coefficients from B 5 to B 10 . These functions 
are obtained both by interpolating the five or six optimal η values themselves, and by interpolating their variations (optimal η value for B 6 less optimal η value for B 5 , and so forth). The mathematical structures of such functions are determined by using the Mathematica computer program, version 8.0. Once the functions are known, they are used to estimate B 11 and B 12 .
Estimates of the 11th, 12th and 13th virial coefficients
In this section, the best representations and the corresponding estimates of coefficients are presented.
For the t and u transformations, the t Using the v n 2 representations, the optimal η values are, approximately, in the interval from 0.40 to 0.78. This range is about five times broader than the other two ranges, yet a large η variation for low i values is not important, while the η tendency to reduce its variation as the index i increases is fundamental. Moreover, this range presents an upper bound about 5% greater than the physical one (the geometric maximum packing factor for rigid spheres is about 0.74). Nonetheless, the v n 2 representations are retained for this work, because this physical restriction is irrelevant for the present mathematical purpose. Moreover, packing factors above its physical upper bound, and even above 1.0, are frequently considered in the literature. [9] and [10] , lead to the values of B 11 and B 12 obtained from the logarithmic and the straight-line functions of the optimal η variations. [10] . Thus, the logarithmic and straight line functions of the optimal η variations are also considered to estimate the value of B 13 . Using the t 10 3 representation, the values 183.68 and 175.45 are respectively found. The value from the logarithmic function is very close to those estimated in [10] (181.19) and [11] (180.82), whereas the value obtained from the straight-line function is between those estimated in [28] (177.40) and [29] (171.28). Therefore, this comparison confirms that the logarithmic and straight-line functions can be used to find estimates of the optimal η for high order coefficients.
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T-type representations
Functions η-variation η-absolute B 11 (%) a (%) b B 12 (%) a (%) b B 11 (%) a (%) b B 12 (%) a (%) b
U-type representations
Using the u i− 3 3 representations for i = 5, 6, . . . , 12, the virial coefficients B i are also estimated. Thus, to predict the coefficients B 11 and B 12 the u Table 4 presents the values of the obtained virial coefficients. Table 4 shows that the η values from the logarithmic, exponential and potency functions obtained by interpolating the optimal η variations provide good estimates. In the case of a straight-line function, one can also note a good estimate, but only for B 11 . Considering the η values obtained from functions of the optimal η values themselves, only the logarithmic function provides a B 12 value which deviates less than 6% from a reported value. This function also provides the best estimate for B 11 . However, imposing the smaller percentage deviations as a criterion, the logarithmic, exponential and potency functions obtained by interpolating the optimal η variations are selected to estimate high-order coefficients.
The values are above those obtained by [10, 11, 28, 29] . However, they are close to the values estimated in [30] (190.82) and [31] (185±10).
V-type representations
In the last test, the v 
Conclusions
Only representations with k = 2 for the Levin's v transformation, and k = 3 for the t and u Levin's transformations, are acceptable. This interesting result guided the choice of the representations used to estimate the high order virial coefficients. Moreover, the estimates also depend on the dimensionless η value. This is an expected dependence, because the Levin's convergence accelerators modify the terms from the series, not just the coefficients included within these terms.
The B 11 and B 12 values have been confirmed in the literature, by using distinctive methodologies, which imply different assumptions on the mathematical behavior of the virial series. Thus, such values are reliable. Meanwhile, the values reported in the literature are in accordance with some representations of the Levin's transformations, highlighting these transformations usefulness in the prediction of virial coefficients. Should a Levin's transformation be able to change the values of lower order terms to the values of higher-order terms of the considered virial series, then it is expected that: (i) such ability is enhanced for high order terms of the series, which are favored by high η values, and (ii) the η value variation
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caused by substituting i + 1 for i decreases as i increases (η tends to some unique value for high-order coefficients). Accordingly, note that, in table 3 to 5, the functions are not selected to achieve the best fit to the B 5 to B 10 values in table 1 (for instance, functions with more than two parameters are not used), but to test the asymptotic behavior of the functions. An interesting result is that all the functions selected in section 4 by comparing the obtained values to previously reported ones, except the straight line function, are asymptotic to the i axis, that is, they satisfy the above condition (ii).
The η values corresponding to the u transformation refer to the gaseous state, whose description is accurate enough by using only the low order terms of the series, and the η values corresponding to the t transformation concern the liquid state, whose description is accurate enough by using the low and medium order terms of the series. However, the η values corresponding to the v transformation refer to the overcooled liquid and vitreous states, whose accurate descriptions also demand the high order terms of the series. Note that the v transformation is the only one producing good results not exclusively from the interpolation of the η values variations, but also from the interpolation of the optimal η values themselves, confirming the above condition (i). Thus, the v transformation, which is the least specific one among those originally presented by Levin, is preferable. As a consequence of this choice, the B 13 value near 173 is proposed in this work. Note that the 13 terms long, virial series for rigid spheres developed in this work should be useful in describing the repulsive pressure of overcooled liquids and vitreous transitions. However, this series will not reproduce crystallization, which involves drastic changes in entropy and volume.
